We show that for various compact metric spaces X, the space of homeomorphisms H(X) is homeomorphic to H(X)\K, where K = ∪ i >0 K i ⊂ H(X) with each K i is either (1) closed and equiuniformly continuous or (2) topologically complete.
equi-uniformly continuous we mean that, for any given ε > 0, there exists a δ i > 0, such that for all f ε K, d(f(x), f(y)) < ε whenever d(x, y) < δ i . Finally K ⊂ H(X) is said to be negligible if H(X) is homeomorphic to H(X)\K. Theorem 1. Let X ⊂ R m be the m unit-ball of the Euclidean m-space R m . Denote by H ∂ (X) the subspace consisting of all f ∈ H(X) which is the identity on the boundary ∂X of X. Suppose K = ∪ i >0 K i ⊂ H ∂ (X), where each K i is closed and equi-uniformly continuous, then H ∂ (X) is homeomorphic to H ∂ (X)\K.
Proof. The proof require the concept of Morse's µ-length of paths ( [Mo] ): Let f : [a, b] → X be a path in a metric space (X, d) where a < b. For each positive integer n, let An = {(t 0, t 1, …. , t n) | a < t 0 < t 1 < …. < t n < b}. For each (t 0, t 1, …. , t n) ∈ An , define δ(f ; t 0, t 1, …. , t n) = m i n {d((f(ti), f(ti-1)) | i = 1, 2, …. , n} and µ n (f) = sup{δ(f ; t 0, t 1, …. , t n) | (t 0, t 1, …. , t n) ∈ An}.
The µ-length of f is
We first consider a single closed and equi-uniformly continuous subset K ⊂ H ∂ (X).
Let J = [a, b] ⊂ X denote an interval with a < b and with a, b ∈ ∂X. For each f ∈ K, by Lemma 1.3 of [Sa-Wo] , there is a point t f , a < t f < b, depending continuously on f, such
For any subset A ⊂ X, Denote Mesh(A) = sup{d(x, y) | x, y ε A}. The main goal of the following lemma is to establish (d).
(c) Let E denote the identity map on X. then
there is a point r, a < r < b, such that t f > r for all f ∈ K.
The first inequality of (c) is true since a, b ∈ ∂X and each f ∈ K fixes the endpoints a, b. The rest of the proof (b) and (c) is a straightforward application of the definition of the µ-length of f and the triangle inequality of the metric d. a , b ] ). Since K is equi-uniformly continuous, there
Inside the m-ball X we can construct a countable, mutually disjoint collection 
Thus for f ∈ K, ϕ(f) = (f ' , t f ) with each t i f > r i > a i . In other words, the image ϕ(K) is a closed set whose projection into each factor (a i , b i ) is contained in [r i , b i ). By the techniques of infinite-dimensional (I-D) topology ( [An] ), there is homeomorphism Γ : (H 0 (X) × s)\K → H 0 (X) × s and the homeomorphism changes only the s-coordinates of each point. Now suppose K = ∪ i >0 K i . The fact that we can delete the infinite sequence {K i } from H 0 (X) × s is also a result of I-D topology techniques. Basically we write s = s 1 × s 2 × …. , an infinite product with each s i a copy of s. We then delete each K i from H 0 (X) × s changing only the s i -coordinates of each point. Collectively we can construct a homeomorphism taking (H 0 (X) × s)\K onto H 0 (X) × s.
Theorem 2. Let X be a compact metric space containing a closed neighborhood N homeomorphic to some k-simplex. For K ⊂ H(X), H(X) is homeomorphic to H(X)\K provided K is a countable union of topologically complete subsets ∪ i >0 K i .
Remark. Employing Bessaga's ( [Be] ) approach, in [Do] , Dobrowolski shows that for a compact subset K ⊂ E, K is negligible in E for a list of spaces E. Including in the list is E = H(X), where X is a locally compact space containing a bicollared set. Using different approach, a similar result on H(X) was proved by Mason ([Ma] ). A key step in our argument required each K i to be topologically complete, a condition weaker than compactness but not as weak as being locally homotopically trivial, which is required to settle the Homeomorphism Group Problem.
Proof. The proof is the results of the following three steps.
(1) Construction of a pinching map . The main idea is to construct a sequence of paths each starting from a point (identity) in H(X) and ending with a point (a pinching map) in H*(X)\H(X). We use these paths to push {K i } out of H(X). First of all, inside N we may assume it contains an interval J = [a, b] with 0 < b -a < 1. We choose a point r, a < r < b. Starting with identity, the idea is to shrink the interval [r, b] 
λ is an imbedding and therefore the images Q is an absolute retract.
(2) Construction of a contractive map . We say a map ϕ : C(X) → C(X) is contractive if there is some number 0 < r < 1, such that ρ(ϕ(f), ϕ(g)) < rρ(f, g) for all f, g ε C(X). Now let K = ∪ i > 0 K i ⊂ H(X) be given such that each K i is a complete subset of H(X). Let r = b -a < 1. For any f ε H*(X), denote t i = 1 -rρ( f, K i ). Thus 0 < t i < 1 (recall that we assume the metric ρ is bounded by 1) and that t i = 1 if and only if f ε
Proof. (i)-(iii) is clear. To verify (iv), denote t = (t i ) i >0 and t' = (t i ') i >0 , where t i = 1 -rρ( f, K i )and t i ' = 1 -rρ( g, K i ). By Lemma 1(iii), ρ(ϕ(f), ϕ(g)) = ρ(λ t , λ t' ) = sup i >0 | t i -
< rρ(f, g).
(3) A homeomorphism of H(X)\K onto H(X).
Let ϕ : H*(X) → H*(X) be defined as in (2) above. Define Γ : H(X)\K → H(X) by Γ(f) = ϕ(f) -1 f. We will show that Γ is a homeomorphism onto H. The condition that each K i to be topologically complete is a key requirement to show that Γ is surjective.
First of all, the map Γ is well-defined since for f ∉ K, ϕ(f) ∈ H(X) (Lemma 3(iii)), so ϕ(f) -1 exists. Composition and inverse operations in H(X) are continuous, so Γ is continuous. Secondly, it is straightforward to verify that ρ is invariant under right multiplication; that is, for any h ∈ H(X), ρ(f, g) = ρ(f h , gh) for all f, g ∈ H(X).
To show Γ is one-to-one, suppose
. Since ϕ is a contractive map (Lemma 3(iv)), f = g.
To show Γ is onto, let g 0 ∈ H(X) be given. Consider the map η : H*(X) → H*(X) defined by η(f) = ϕ(f)g 0. By Lemma 3(i), the images η(H*(X)) = ϕ(H*(X))g 0 ⊂ Qg 0 . It follows that the restriction η We want to assert f 0 ∉ λ(β) g 0 by showing that any f ∈ λ(β) g 0 is not a fixed point of η Qg 0 . Given any i > 0. Since λ(β) g 0 ⊂ H*(X)\H(X) and K i ⊂ H(X) is topologically complete, K i is a closed relative to H*. Thus any f ∈ λ(β) g 0 must have a positive distance from K i . Let t i = 1 -rρ(f, K i ) and denote t = (t i ) i >0 . It follows t ∈ [0, 1) ∞ . By Lemma 2(i), η(f) = ϕ(f)g 0 = λ(t)g 0 ∈ H(X). In other words, η( f) ≠ f and so f 0 ∈ H(X).
Next we assert that f 0 ∉ K. For if f 0 ∈ K, then f 0 = η(f 0 ) = ϕ(f 0 ) g 0 ∈ λ(β) g 0 , a contradiction. Thus f 0 ∈ H(X)\K and f 0 = η(f 0 ) = ϕ(f 0 )g 0, or Γ(f 0 ) = ϕ(f 0 ) -1 f 0 = g 0 . The verification that Γ -1 is continuous is rather straightforward and will be omitted. . Thus Γ : H(X)\K → H(X) is a homeomorphism and the proof of Theorem 2 is complete.
